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We dene the binding entanglement channel as the quan-
tum channel through which quantum information cannot be
reliably transmitted, but which can be used to share bound
entanglement. We provide a characterization of such class of
channels. We also show that any bound entangled state can
be used to construction of the map corresponding the binding
entanglement channel.
I. INTRODUCTION
One of the recent results leading to better understand-
ing of quantum entanglement [1,2] was realizing that
there are two qualitatively dierent types of entangle-
ment of mixed states of two-component systems [3,4].
Namely, there is free entanglement (FE) which can be
converted into pure singlet form by means of local quan-
tum operations and classical communication (LQCC).
Such a process is called distillation [5] and it allows to
use the noisy entanglement for the purposes of quantum
communication. However, there is also bound entangle-
ment (BE), which cannot be distilled [3,4]. At present
the structure and properties of BE state are being ex-
tensively investigated [6,7,9{12]. In particular, a striking
connection between the bound etanglement and nonlo-
cality without entanglement [8] has been discovered [9].
Also, the bound entanglement implies a new approach in
entanglement measures: one must, in general leave the
paradigm that a measure of entanglement should vanish
only on separable states. Indeed, at present we know
that physically the most relevant measure of entangle-
ment [13{15] which is distillable entanglement does not
satisfy this condition (it vanishes on the bound entangled
states). The above, more general approach allowed to ob-
tain a new bound on distillable entanglement Ref. [12].
Due to the connection between entanglement and posi-
tive maps [16] the investigation of bound entanglement
was also fruitful for pure mathematics. Namely, by use of
results on bound entanglement of Ref. [9] the rst system-
atic way of constructing the so called non-decomposable
positive maps was found in Ref. [10].
In this paper we would like to investigate the processes
of interaction with environment, which lead to bound
entanglement. In general, the mixed states emerge from
interaction with environment, which is very hard to be
avoided in realistic situation. Such interaction may com-
pletely destroy the initial pure entanglement, or some-
times there may remain some residual entanglement, free
or bound. We will be interested in the processes for which
the residual entanglemet is the bound one. To be more
precise, imagine that Alice can send particles to Bob via
a quantum channel  (representing the interaction with
environment). Alice and Bob are allowed to support the
quantum channel by using LQCC operations and can
enhance the transmission by sending entangled particles
down the channel. The latter means that eectively they
have a channel ⊗N for arbitrary N . Now we are inter-
ested in such channels that Alice and Bob (i) cannot send
reliably quantum information (equivalently, cannot pro-
duce asymptotically singlet state); (ii) can produce a BE
state. Such channels we will call binding entanglement
channels (BE channels).
We prove a theorem characterizing such channels,
which says that a channel is BE if and only if sending
half of maximally entangled pair through the channel,
one obtains BE state. It follows that a channel is BE
if there exists a pure entangled state such, that if sent
through the channel it becomes bound entangled. Thus
knowing the examples of BE states, we can construct
the BE channels. We provide a way of constructing BE
channel from any given BE state. Our investigations are
based on the general connections between channels and
bipartite states investigated in [17,13,18,19,11].
II. BINDING ENTANGLEMENT CHANNELS:
CHARACTERIZATION
To begin with, let us introduce some notation. By
a channel we mean any completely positive (CP) trace-
preserving map. A completely positive map  : Mm !
Mn will be denoted by nm (here Mn denotes the set of
n  n square matrices. The identity map acting on Mn
will be denoted by In. Maximally entangled state on the







will be called singlet state. A state acting on the Hilbert
space Cm ⊗ Cn will be denoted by %m,n (or σm,n etc.).
Sometimes, if it does not lead to misunderstanding we
will not write the indices explicitly. Finally, %ikjl denotes
matrix element of the state % in product basis
%ikjl  hei ⊗ fkj%jej ⊗ fli.
Definition. We say that a channel  is binding entan-
glement channel iff (i) Q2() = 0 and (ii) it is possible to
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obtain bipartite bound entangled state by means of (pos-
sibly multiply) use of the channel and LQCC operations.
Here Q2 is the quantum capacity of a channel sup-
ported by LQCC action (the subscript 2 indicates two-
way classical communication) [13]. Now we will prove
a theorem characterizing such channels in terms of BE
bipartite states.
Theorem. A channel  : Mm ! Mn is binding en-
tanglement i the state (I ⊗)Pm+ (acting on Cm ⊗Cn)
is a BE state.
Proof. Let us rst prove the suciency of the con-
dition. If (I ⊗ nm)Pm+ is BE state then (ii) is obviously
satised, so that one needs to prove that the condition
implies also (i). Suppose, conversely, that Q2(nm) > 0.
Then, one can produce asymptotically pure singlets by
use of the channel and LQCC. The rst stage of the most
general protocol of producing singlet pairs is sending half
of some state σkN,mN via the channel ⊗N (denote
it by nNmN ). The second stage amounts to distillation
of the emerging state %kN,mN = (IkN ⊗ nNmN )σ.
Hence, to obtain nally the singlets, the state % must be
FE. We will now show that this implies that (Im⊗nm)Pm+
must be also FE. To see it, note that the state σ (as
any state) can be written as σ = (ΓkNmN ⊗ ImN )PmN+
(where Γ is CP, but not necessarily trace-preserving
map). So we have
% = (IkN ⊗ nNmN )(ΓkNmN ⊗ ImN )PmN+ =
(ΓkNmN ⊗ nNmN )PmN+ =
(ΓkNmN ⊗ InN )(ImN ⊗ nNmN )PmN+ (2)
Now, since % is FE, then also (ImN ⊗ nNmN)PmN+
must be FE (indeed the action Γ⊗ I is LQCC one, hence
cannot produce FE state from a BE one). Now, since




that also (Im ⊗ nm)Pm+ must be FE, which is a contra-
diction. Hence, if (Im⊗nm)Pm+ is BE then the condition
(i) is satised.
Now, we will show that the condition that (Im ⊗
nm)P
m
+ is BE is also a necessary one for  to be BE.
Suppose, conversely, that (Im⊗nm)Pm+ is not BE. Then
it can be separable or FE. If its is FE, then one can dis-
till it and obtain nonzero Q2 so that the condition (i)
is violated. If, instead (nm ⊗ Im)Pm+ is separable, then
we will show that the condition (ii) is violated. Indeed,
if for some state σk,m the state %m,n = (Im ⊗ nm)σk,m
is BE, then writing σ as σk,m = (Γmk ⊗ Im)Pm+ we ob-
tain, similarly as in the proof of suciency, that % =
(Γmk ⊗ In)(Im ⊗nm)Pm+ . Then, since Γ⊗ I is LQCC, we
obtain that (Im ⊗ nm)Pm+ cannot be separable (LQCC
action cannot make BE state from separable one). This
ends the proof.
From the above characterization of BE channels it fol-
lows that given a channel with Q2 = 0, if bound entangle-
ment can be created at all, then it can be created with-
out exchange of classical information between Alice and
Bob but merely by sending half of singlet pair through
the channel. Hence also multiply use of channel is not
needed.
III. BININDG ENTANGLEMENT CHANNELS
FROM BOUND ENTANGLED STATES
In this section we will provide a procedure of construct-
ing BE channels from BE states. As one knows there is an
isomorphism between the set of states %m,n with maxi-
mally mixed reduction %A and the channels nm. It is
given just by the formula:
%m,n = (Im ⊗ nm)Pm+ (3)
(the maximally mixed reduction is connected with the
fact that channels preserve trace). In other words, if
one has a channel, one can send half of singlets through
it to obtain the state with maximally mixed reduction,
and, conversely, any state of maximally mixed reduction
emerges from sending half of singlet down some chan-
nel. Explicitly, the connection between matrix elements
of state and associated channel is the following
hfkj(jeiihej)jfli  λklij = %ikjl  hei ⊗ fkj%jej ⊗ fli.
(4)
So we can provide examples of BE channels basing on
the known BE states with maximally mixed reduction.
However, one also knows the examples of BE states with
none of reductions maximally mixed [9]. How to associate
channels with them? As mentioned above, the maxi-
mally mixed reduction is connected with the fact that
the channel acts only on one half of the singlet, so that,
being trace-preserving, it cannot disturb the other one.
Since the singlet is maximally entangled, it has maxi-
mally mixed reduction that is inherited by the nal state.
Now, if a state with non-maximally mixed reductions is
concerned, one can imagine it emerges from sending non-
maximally entangled pure state via a channel. The state
must have the same reduction as the mixed state of inter-
est (as, again, the channel will not aect that reduction).
To recover such a channel from the given state %, we will
rst transform it into a state σ of maximally mixed reduc-
tion by means of LQCC action. Then the channel will be
the one associated with σ via the state-channel isomor-
phism (3). Let a BE state %m,n acts on HA⊗HB and let
H0A be the support of its reduction %A with dimH0A = k.
Then dene
σr,n = (r%A)−1/2 ⊗ I % (r%A)−1/2 ⊗ I, (5)
where %A was inverted on its support H0A Here we used
the fact that the support of any state is equal to product
of the supports of its reductions (see Appendix), so that,
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in fact, both % and σ acts on H0A⊗HB. It is easy to check
that σA = Ir . Indeed, choosing the basis feig  HiA to
be eigenbasis of %A (i.e. %A =
P




















Now, as the state σ was created from % by LQCC action,
then it is BE (the action is called ltering [20]). Then the
seeked BE channel A corresponding to the given state %
is the one associated with the state σ via the formula (4)
(the subscript A indicates that we recover the channel by
use of the reduction %A).
Then to obtain explicit form of A one needs to calcu-
late the map  given by the formula
(Ir ⊗nr )P r+ = %. (8)
Then A is given by
A =   ΓTA (9)
where ΓA() = 1r%−1/2A ()%−1/2A and T is tranpose in the
space of maps i.e. (TB)klij = (B)ijkl. If the given
map  is CP (as in our case) and its Stinespring form
is () = Pi Vi()V yi then the transposed map is given





Note that if only %A is not maximally mixed then both Γ
and  are not trace-preserving. Nevertheless  is trace-
preserving so that it constitutes a channel.
Of course one can use the other reduction of the state






Now, the state % emerges if (i) Alice send to Bob some
pure state ψ of both reductions equal to %A via the chan-
nel A, or (ii) Bob sends to Alice the pure state of re-
ductions %B through the channel B.
IV. EXAMPLES
A simple way of recovering the maps from a given


















with hej jVijfki = mcij,k. If it is hard to nd the eigenba-
sis, one can use any decomposition of the BE state into
pure ones.
Example 1. In the paper Ref. [3] we modied the




















(j1ij0ih1jh0j+ j2ij1ih2jh1j+ j0ij2ih0jh2j). (16)
The above state has both reductions maximally mixed,
so that we could consider two channels (% = (I ⊗ 1)P+
and % = (2 ⊗ I)P+). However, due to symmetry of














where Pij = jiihjj;  and 	 denote + and − modulo 3
respectively.
Example 2. This example will be based on the two-





a 0 0 0 a 0 0 0 a
0 a 0 0 0 0 0 0 0
0 0 a 0 0 0 0 0 0
0 0 0 a 0 0 0 0 0
a 0 0 0 a 0 0 0 a
0 0 0 0 0 a 0 0 0





0 0 0 0 0 0 0 a 0















24 3a 0 00 3a 0
0 0 1 + 2a
35 (19)
hence it is not maximally mixed. Now, to recover the


















2 P33. Since %A is diagonal
we obtain ΓTA = ΓA Then the nal form of the channel
A is given by
A() = a3

3V ()V + 1
3a
(P12()P21 + P32()P23
+P21()P12) + 12a+ 1(P13()P31 + P23()P32)

+ ~W () ~W y (21)













Let us now discuss some possible directions of further
investigation of the binding entnaglement channels. The
main goal will be to nd how the BE channels could be
useful for quantum communication. The hint is given by
the eect of activation of bound entanglement [6], where
a large amount of BE systems considerably raised the
possibilities of a single FE system. In Ref. [6] we rose a
question, whether the channels associated with the BE
states (which, due to theorem, are BE channels) could
exhibit nonadditivity in the following sense. If we have a
channel of some nonzero capacity Q, and a BE channel,
then by using the channels jointly, one expects to obtain
total capacity greater than Q.
Another question arises, if we consider the BE chan-
nel as public one (cf. [6]). This changes the paradigm
of entanglement manipulations, where so far, only classi-
cal communication was public. The question is: what is
capacity of some quantum channel of nonzero standard
capacity (either with or without classical comunication)
if supplemented with public BE channel? It was natu-
ral to expect that the capacity of the supported channel
could be strictly greater, especially, because, as reported
in Ref. [9], the BE states can have surprisingly large en-
tanglement of formation (Ef ). The two-qutrit states pro-
vided in Ref. [9] have Ef ’ 0.2 of entanglement of forma-
tion while the maximally entangled state of two-qutrits
has Ef ’ 1.5. Now we would like to ask the following
question: may be, the channel supported by public BE
channel have maximal capacity, determined only by the
Hilbert space of the sent systems? This could be called
the eect of cristallization of bound entanglement. The
conjecture is not unreasonable: we have, in fact, innite
amount of bound entanglement at our disposal.
Appendix
Here we prove the following lemma:
Lemma. The support of any state is included in the
product of the supports of the reductions of the state
supp%  supp%A ⊗ supp%B (22)
Proof. Let us rst prove the lemma for pure state
jψihψj. Writing the state in the Schmidt decomposition
we see that it is a superposition of the products of the
states belonging to supports of the reductions, so that
the thesis of the lemma holds. Now, for the mixed state
% =
P
i jψiihψij we have
supp% = spanfψigi (23)
and
supp%A ⊗ supp%B = spanfsupp%iA ⊗ supp%iBgi, (24)
where %iA,B are the reductions of the states ψi. Hence we
obtain the required inclusion.
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